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In most chemical engineering problems, diffusion is treated as an add-on to forced
advection, and the boundary conditions are the Danckwerts conditions in order to
maintain conservation. If we treat problems in which there is no applied advection or
chemical reaction for a steady-state situation and with an ideal gas, it is an equi-molar
process. Because it is considered the natural movement of molecules moving down a
concentration gradient, this requires the Stefan-Maxwell equations. In the standard 1-D
two-component boundary value problem, analogous to the Dirichlet problem, the solu-
tion is direct and is probably the only one there is. In a ternary system, the solution is
already not direct and can only be obtained by numerical means, which is not severe. In
a quaternary system, it does not appear feasible to obtain a simple procedure like that
obtained for the ternary system. A different numerical scheme developed is robust with
rapid convergence and works well with an arbitrary number of components, 60 having
been used in one problem. As the number of components increases, the solution profiles
tend to become linear and the dependence on particular diffusivities is less important.
This manifests itself when using diffusivities from a random collection. The problem
using a continuous distribution of components is solved, and computationally and theo-
retically the profiles are probably linear and with a single pairwise diffusion coefficient.

Introduction

The purpose of this article is to present some manipula-
tions of the Stefan-Maxwell equations as applied to the sim-
ple one-dimensional (1-D) diffusion problem in the steady
state for an ideal gas with an arbitrary number of compo-
nents. Anyone who has examined these equations becomes
frustrated by their backward presentation which manifests it-
self in some way in almost every application of their use. In
addition, they are nonlinear in the two important sets of vari-
ables although linear in each set singly. The two sets of vari-
ables are the mol fraction of each component and the corre-
sponding flux of each. Manipulation of these equations re-
veals that their inversion to produce the fluxes in terms of
the gradient for a two-component system is trivial. For a
three-component system, it is doable and builds one’s confi-
dence, while for a four-component system the problem is a
character builder; for a five-component system, it seems im-
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passable and impossible in an analytical way. Some of the
earliest attempts at using the equations were carried out by
Toor (1964) and Stewart and Prober (1964) who linearized
the equations to cast them into a usable form. This is a suc-
cessful procedure since the system is very benign, and, as will
be shown later, many of the solutions turn out to be close to
linear. Later workers developed many other schemes, and
these are discussed by Taylor and Krishna (1993) whose book
is required reading. The numerical scheme devised by
Krishna and Standart (1976) was and still is the method of
choice.

Our first effort will be to invert the Stefan-Maxwell equa-
tions for three and four component systems, and to attempt
to simplify these equations to make their use easier. For a
three-component system, this is relatively easy, but for a
four-component system, this is a trial and requires the intro-
duction of two sets of simple functions to present the inver-
sion in a relatively simple way. Some small surprises result
here and make its perusal worth the effort.
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A different numerical scheme for the 1-D diffusion prob-
lem is presented, and its application to several different
problems is illustrated for a wide range of components. The
equations for the diffusion problems with a continuous distri-
bution of components are presented, and the 1-D diffusion
problem is solved although the numerical solution is obtained
by a lumping procedure as for a finite distribution. For some
of these problems, it is shown by direct computation that the
final solutions for the mol fraction profiles are relatively in-
dependent of the choice of diffusion coefficients.

Ternary Inversion

The basic set of equations for 1-D diffusion in matrix form
is, for an n component system,

dx B. 1
c— = Bx

R (1)
where c is the total molar local concentration, x is the vector
of mol fractions, z is the axial space variable, N, is the molar
flux of species j, and the D;; represent the pairwise diffusion
coefficients. With

B=[ ;] (irow; jcolumn)
then

N & N

Mij == 0 F k= 2

1 Dij il ]]({=1Dik
*i

which shows the linearity in x; for known values of N;. These
equations will also be used in the form

dx N 2
C—=
. @
where
B=[Vij]
with
X; X
Vi __7i#j’ Vii=— Z o~
! Dij k=1 ik
k+i

These matrices are singular since each column will sum to
zero, and, hence, the sets of differential equations are also
singular. Since we are dealing with 1-D steady-state diffusion,
the singularity may be circumvented by using either the fact
that diffusion must be equimolar

or
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since motion of molecules must be balanced, that is, move-
ment of one molecule must be balanced by the motion of
another molecule. Thus, any one of the differential equations
can be replaced by one of the two conditions above.

For the ternary system, we will use the set of equations
(Eq. 2),

dx, X2 X3 X1 X1
c—=—|—+—|N,+—N,+—N,,
dz Dy, Dy Dy, Dy,
dx X X X x
R —(—in+—i)N,+—iN5 3)
dz Dy D, Dy Dy

0=N,+ N, +N;.

In order to invert the system we will treat this as a set of
linear simultaneous algebraic equations in N,;, N,, and N;
and simply solve using Cramer’s rule on Eq. 3. This proce-
dure gives solutions for N;, N,, and N; in terms of dx,/dz
and dx,/dz which are linear in these variables and clumsy,
and we must cast them into relations which are independent
of the species numbering and also quasi symmetric as occurs
in the original Stefan-Maxwell equations. To do this, we add
to the three relations quantities like

3
dx;
ey =
i—1 4z

with o appropriately chosen to each equation to produce the
species independent property, and this is much easier to do
than it sounds. The Cramer denominator turns out to be

X1 X3 X3
+ +
D3Dy, DDy Dy3Dys

which we will use in the form, on multiplying through
D1, Dy3D0;3, as

$(x)=Dy3x;+ Di3x5 + Dyyx5. 4)

After some juggling, we obtain the matrix form of the inverse

c
$(x)
(1=x,)D;3Dy, —x;Dy;3Dy, —x1D53Dy;
X —x,D13D4, (1=x,)Dy3Dy, —x,D53Dy5
—x3D3Dy, —x3Dx3Dy, (1= x3)DyDy5
dx 5
o O

In this form it is evident that the flux N; depends on a sum of
terms with a net single diffusivity as it should.

Since our main interest is in the solution of the 1-D diffu-
sion equations, we consider diffusion in a 1-D conduit which
is adjoined at its ends by infinitely large reservoirs, each at a
fixed molar concentration and each at a fixed and the same
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temperature and same pressure. In one dimension the con-
centration equations are, where / is the conduit length

dN,
—=0,0<z<1,i=1,2,3
dz

and boundary conditions are, with x, and x, specified
x(0)=x,, x(I)=x,.

This simple problem will be cast in dimensionless form later,
since now the occurrence of the diffusivities is revealing. From
the conservation equation, N, is a constant for all x and

since this diffusion movement of molecules only means that
they replace each other.

In an effort to simplify Eq. 5 by removing the unity in each
row, we multiply it by the diagonal matrix

Dy, 0 0
0 Dy 0
0 0 Dy

and then add the rows to obtain

1

D3D (= xDyy — x2D13—x3D12)d—

¢>()

+ Dy Dip(— 1Dy —x, D3 — x

dx,
D)=
dx;
+ DD i3(— %Dy — x, D5 — x3D12)E
=Dy;3N,+ D3N, + D, N;.

We see that, fortuitously, the three quantities within the
parentheses are ¢(x) so that from Eq. 4

dx, dx,
d +DZ3D]2d +D23D]3 dZ

dx,
c|DyDyp——
=D,;N,+ D3N, + D, N;.

Integration between zero and / gives

X — X X, — X Xy — X
1/ 10 21 20 31 30
c[ + + ]

D, Dy, D,
Ny N, Ny
= + + l
D13D12 D12D23 D13D23
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after dividing through by D,,D;D,;. Integrating from 0 to z,

gives
X1 = X0 X2 Xy xa_xso]
c + +
D,; Dy; Dy,
( Ny N, N )
z
Dy;Dy, Dy;,Dy; Dy3Dy
SO
1 dx, 1 dx, 1 dx,
D,, dz Dy;; dz Dy, dz
X — X Xy — X X3 — X 1 K
:[ 1 0 21 20 31 30]_:_ (6)
Dy D, Dy, l l
and also

X1 — X Xy — X X3 — X
1 10 2 20 3 30
+ +
23 13 12

X=Xy Xpr— Xy X3 T X302
Dy Dy, Dy, l

which is not a relation one might expect for three compo-
nents.

In order to use these equations, particularly Eq. 6, let us
consider the expression for N;, and write it in the form

Ny =-— ‘f)( )(D12D13D23)

1 dx,

1 dx 1 dx,
X|———x| ——
D, dz D,; dz

1 dxy
__+__
D, dz Dy, dz

which reduces to an expression with a single derivative

3 c dxl K
Nl—_m(Dn 22)[0 dz xlT}

If we now cast this in dimensionless form, using the Cramer
denominator (Eq. 4), we obtain

dx

1
—d—g+x1K23=Zl[c23x1+cl3x2+cux3]K1
with
z
5277% D K23 DK, Ki3=D;K, K, =D,K,
5 Nyl N, N;l D?
1_Dc, Z_Dc’ 3_Dc’ 1_D12D13’
D? D?
K,= , Ky=
Dy, Dy, D3D5;
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and in a similar way

2

dé¢

+x,K3= Zz[C23x1 tepx, + 612x3]K2>

dx;
——+

T, X3K 1y = Zs[ e + c13%5 + €155 ] K.

These last three equations should be simpler to apply to
the numerical problem than the original ones, but one needs
to have a good estimate of Z;, Z,, Z; to initiate that solu-
tion. One can find such a solution by assuming that an ap-
proximate solution is a straight line connecting the appropri-
ate boundary points and using the values of x, (at z=0) to
obtain

Xy — X
1~ %10 0
7 + x10K 3= Z7(co3X19 + C13%p0 + €12 X30) Ky

Xo1 = X0

l

_ 70
+ x50K13=Z5(co3X19 + €13%50 + €1pX30) K,

from which a reasonable guess should ensue. (Note that
Y z,=0)

We stress that the advantage to these equations is the fact
that the lefthand sides are linear first-order operators since
K;; is a predetermined constant. If we write the original Ste-
fan-Maxwell equations in the form

the left-hand side is a linear operator in x;, but its coefficient
contains the unknown N; for all j except j=1i. It is evident
of course that these equations for constant values of N, and
)" x, =1 have an analytical solution which is not of great use
since the boundary conditions must be used to eventually de-
termine the N, which is a tortuous exercise, but doable.

It may be interesting to consider the structure of the solu-
tion profiles x; = x,(¢), not because the solutions are rich
with pathology, but rather in order to show their simplicity.
Diffusional processes are normally very benign (as long as
they are not coupled with exothermic chemical reactions),
since molecular motion tends to smear things out.

If we consider a ternary system, there are three equations
of which only two are linearly independent in pairs. If, for

[de, ] [ T2 Y5 X
CE Dy, Dy;; Dy
d, 2 ~x
¢ dz |= D, Dy,
dxs X3
2 3
dz Dy,
L 0 1 | 1

816
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example, dx;/d¢é =0 at a point, then it follows that

dx,
dé

dx,

2"

which is impossible since the functions defined by the corre-
sponding two SM equations are linearly independent. If we
differentiate the equation for x;, we obtain

N b,
_.l__
1 df

If we assume this is zero, then, using

N2
D12

N

d*x, 1 de, 1 dx3)
D13

c—=|———+=——
de? D, d¢ Dy dé

dx; 0
T dé
we have
1 1 dx, dx,
——+—||N——-N,—|=0
Dy, Dy dé dé
which gives
dx, dx,
Ny——=N—
d¢ d¢

which is also impossible because of the linear independence.
Thus, the profiles of the components are strictly monotonic
between the boundaries and we shall illustrate some of these
later. The above may be generalized to higher-order equa-
tions.

Toor (1957) in the early 1950s solved the ternary diffusion
problem by obtaining the analytical solution for fixed fluxes,
and then solved for the fluxes by trial and error. Hsu and
Bird (1960) published a massive paper for three-component
chemical reaction problems in which the catalytic reaction
occurred at one of the boundaries. These were solved in an
analytical way with computations on an IBM 650.

Quaternary Systems

In order to realize the inversion we must solve the follow-
ing set of linear simultaneous equations in N;, N,, N5, and
N,, where we use Eq. 2

X1 X1 Xy
Dy, Dy, Dy,

X3 X, X, X,

D,; Dy Dy, D,, [N.
X3 —Xx; X X, X3

Ds, Dy, D3, D3y Dy

1 1 1]
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One could hope that the treatment of quaternary systems
might not be substantially different from ternary systems but,
of course, the fourth-order manipulations are certainly more
tedious in this Cramer solution. The challenging part of the
exercise, however, as before, is the casting of the resultant
solutions into forms which are independent of the numbering
of the species and are quasi-symmetric in the component
variables. The Cramer solution first obtained is linear in the
three derivatives dx,/dz, dx,/dz, and dx,/dz since the last
Stefan-Maxwell equation is replaced by

The Cramer denominator may be written as a fourth-order
quadratic form. This is not readily apparent during the calcu-
lation, but it can be written in the form

b(x)
dipdizdyy  dydizdyy  dipdizds,  dipdids,
=7 dipdiydy;  dpydysdy,  dipdysdy,  dydsyd, .
dizdisdy;  dpdizdy  dizdydy;  dydyds |77
dizdigdy  dydidy  dpdigdsy  dydsdy
dij=dji (7)

where di]- = Di;l, that is, the elements in the matrix are re-
ciprocals of the pairwise diffusion coefficients. There are six
pairwise diffusion coefficients in a four component set, and
so there are 20 combinations of six things taken three at a
time. Clearly, four of these are missing in the above, and,
after some scrutiny, it develops that these four are those in
which one of the four digits is missing; that is, there is no
subscript form like d,,d ;d,;. Physically, this makes sense
since it means that every chemical component has an effect
in each term. Since the quantity obtained as the Cramer de-
terminant was not obviously a quadratic form a priori, the
placement of the terms in the matrix in a quasi-symmetric
form was somewhat arbitrary at the start and might need re-
arrangement.

The solution obtained can be put into the matrix-vector
form given below, and the placement of the functions «;;,
defined below, is restricted by the form,

4

where A is chosen and the functions X,(x) and «;; are cho-
sen and are defined below

c dx

AT ®

where the matrix W is

A-x)X,+ oy

— XX +tapntay

— X Xyt a3t ay
(1-x)X,+ a,
— X taptoay —xX,taztag
—x, Xt aptoay —x Xt oyt oagy
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— X X3+ ap +ay
— X X5+ aytoap
(I=x3) X5+ ay

— x4 X5t t ooy

Table 1. Definition of the Functions in Eqgs. 8.

25V] A1 a3 31 Ay Ay
X1X2 XX X1X3 X3Xq XXy X4X1
D3D,y DyDyy DyD3y D3y Dy DipDys Dyp Dy
[Dl‘j = Dji]
A3 A3y A4 R2%) @34 @43
XyX3 X3X, XyXy X4X, X3Xy X4X3

DZID34 D31D24 DZID43 D41D23 D31D42 D41D32

and
X X X
X=—
DD,y DysDiy DyyDyy
X x x
Xy=— 4
DDy Dy3Dsy DyyDsy
X X X
Xy=————
DDy, DDy DyyDyy
X1 X2 X3
X, 9

= + +
DIZD]3 D23D]2 D13D23

(note that these have the same gross form as the ternary
Cramer denominator), and

4
a; = Z (a;+ ay) (10)

s=1
S#F I

which is the sum of the six terms in which x; appears in each
term and «;; is defined in Table 1.

It is seen that X; contains no x;, and each x; has D;;Dy;,
l# k #i+# j in the denominator in Eq. 9. The X,’s are quasi-
symmetric, as are the «;;’s. Note also that every «;; has a
1234 subscript property in some order, and, therefore, there
are only three different ones. If one examines the matrix so-
lution carefully, one finds that it is quasi-symmetric, al-
though, in some cases, one must go back to the definitions of
the functions. It is readily apparent also that the matrix is
singular since the sum of the rows is zero.

The solution matrix can also be written in the form

N c [ ]dx
d(x)" Ydz
with
X[+Xm . .
wl]——xin-i—xiﬁ;H&]#l#m,
ij~Im
X+ x,

wi=1-x)X;+ xiZ

N

—s#FjFEI+Fm.
Dilem

—x Xyt ay toag

— XXt aptoag

— X3 Xyt ozt ay
(I=x) Xy + oy
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If we were to assume that all the diffusivities were the same,
then

Dzw,-j=—x,-2xs+xi2xs;i¢j,
sS#F ] sFI
SF]
=—x(1-x)+x;(1—x;—x;) =—x},i#],

D?w;=(1-x)(1—x;) +2x;,(1—x;)=1—x]

and, hence, since the Cramer denominator equals D3

2 2 _ .2 .2
1—xi X7 X7 X7
-x3 1-x3 —-x3 —x3 |dx
N=-—cD 2 2 2 2 | 45’
— X3 -x5 1-x3 —x35 |dz
~xi -x} -x 1-3
dx
N=—-cD—
dz’

and so singularity is preserved.

Because we wish to simplify, if possible, the quaternary
problem we will spend some time now on the structure of
what we have already established. Some surprising solutions
will surface. For example, if we examine the Cramer denomi-
nator (Eq. 7), we discover that it has the form

b(x)
2

X7 XX, X1X5 XX,
Dy,D3Dyy DyyDi3Dyy DypyDi3Dyy Dy Dy Dy

Xy X x3 XX XyX

n 2% 2 N 2%3 2%4
DyyDy D3y, DyyDyyDy; DipDy3Dsy D1y DyyDsy

X3X X3X x3 X3X

3%1 342 3 3%y

+ + + ‘ +
1)131)141)23 1)131)241)32 1)131)231)34 1)131)241)34
X,X3 X3

1)141)231)34 1)141)241)34
(11D

X4 X4
+
Dy3D 4Dy

X4Xy
D1y Dy Dy

where we use the commonality of some species in each row
and each column, and, if we look at this a little more closely,
we can, using the a;; functions defined before, write

2

X1 A O3 Aqq
Pp(x)=———+—F—+ —
Dy,DyDyy Dy, Dz Dy
2
A X2 Q3 Oy
e e
D,y DypDyDyy Dy Dy
2
a3 a3y X3 3y
e e
D3y D3y, Dy D3y Diy Dy
Q4 Qg Oy3 xf
+—4+—+—+ (12)
Dy Dy Dy DyDypDy
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Using the expression for the Cramer denominator given by
Eq. 7, we can produce some other interesting results. If we
examine ¢(x), in particular, the last three rows and the last
three columns, we see that row two in the last three elements
may be written (x,/D,,) X, while the third and the fourth
rows (the last three elements) become

X3 X4

X+ —X,.
[h3 [h4

It then follows that ¢(x) may be written

2 X3 4 aptoay
P(x)=\p -+t i D
12 13 14 12
2
apztoaz apt ooy X1
. (13)
Dy; Dy, Dy, Dy3Dyy

Now, to find a similar representation involving X,, we look
at the first, third, and fourth rows, and first, third, and fourth
columns, and, proceeding as above, one obtains

Xy X3 Xy ay + o
d(x)=|—+—+ | X, + —2
D, D,; Dy D,,
2
aptazn  aytag X3
+ . (14)
D,; D, D, D33Do,

The expansion in terms of X; follows from the elements of
the first, second, and fourth columns, and first, second, and
fourth rows. One obtains

Xy X X4 a3t ag
H(x)=|—+—+— | X5+
D3y Dj3, Dy Dy
2
Ayt az  azytoag X3
+ . (15)
D, D3, D3 D3, Dy

The expansion in terms of X, follows from the elements of
the rows and columns in the upper lefthand corner and is

X X X apyta
d(x)=|—+2+ 2 |x,+ 22
Dy Dy Dy Dy
2
gt agp szt ooy Xy (16)
Dy, Dy DyyDyy Dy

We see also that there is a systematic scheme for the above
relations. The expansions in terms of X; and X, are made
directly from ¢(x). The expansion in terms of X, and X,
requires some minor symmetric juggling, more for X; than
for X,.

Simple Quaternary Representation

With the ternary system by some judicious juggling, we were
able to reduce the fundamental equations to equations which
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had a linear operator. This is desirable since the operator
determines the form of the solution and should enable one to
produce a numerical solution, which is less likely to be unsta-
ble and to converge more rapidly. With this in mind, we will
try to do the same with the quaternary system written in the
form

N ¢ |y _yx % i 17
. _ — _|.___
d(x)| dz T dz T an

where X is the diagonal matrix with X, on the ith term of
the diagonal and where we note that the quasi-symmetry in «
in the second matrix which contains the functions belonging

to a;;

a; aptoy aptoay oyt ag
5= Qy3+ gy %) ay toay aptoas
aptaz oy toag as a3+ g
aptay agtay aytay ay
a;
a,
= a | (18)
a,
which is singular and
T =
N xi(x3txy)  ox(xta,)  x(xptxg)
! 1234 1324 1423
Xp(x3txy) N Xo(xyHxg)  xp(xq+x3)
1234 2 1423 1324
x3(xtxy)  x3(xtxy) N x3(x+x,)
1324 1423 ? 1234
xa(xptx3)  xu(xtxs)  xu(xtxs) N
1423 1324 1234 4

(19)

where in the denominator we have only written the subscripts

first the representation for N,

< dx,
be(x)

Vdz

dx; dx
xle/jd—Zj-l- alg
]

where «; is the first row of @. Then

— Ni¢p(x)
c

3
[ X5 —ap—ay = [ X, — ay — ay ]~
dz dz

dx,
=[(1—x) X, + al]z —[x Xy, — a5 —

dx,
0‘14]E

dx,

This equation is not as mean as it looks for all of the «;;’s
and a;;’s contain an x;. A little juggling with the formula

will cast it into a form

— Ni¢p(x)

dx,
= [(1_ xl)Xl]E

X =2
- +
(x X5+ B12) dz

dx dx,
—(x X5+ :313)E —(x Xy + 314)5-

Notice what one would call 8,; =0 and we have the follow-

ing for N;, N,, N5, and N,

Biz=ap+ oy +az+ ay,
Biz= a3+ ag oo+ ay,
Bia= g+ ay + oy + a3,

B11=0,
B3 = oz T a3t ot oays,
B = azp +aptaytoags,

Bss= st agt+ ay t as,

Bu=aytaptaptay,,
By = aptaptaptay,
Bos = ayy + oy + an+ ay,
By =0,

By = ag+ ay+ azy + ay,
Bay = oy + apy + ay3 + ayy,

Baz= aust s+ ay + ay,

of D;;D,,,. B33=0, B, =0.
In an effort to obtain a simpler representation of the inver-
sion given by Eq. 8 we will use Eq. 17 in a form by writing and also
(I-x)X, 0 Xy =B X X3— Bz 0 Xy = By
— No(x) _ — XX, — By (I1-x)X, X X3 By XX, — By ﬁ
¢ — 03X =By —xX—Byn (1-x3)X; —x3X,— By | dz
— x4 X1 = By XXy — B x4 X3~ Bus (1—x,) X,
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The nondiagonal terms have a connection with the Cramer
determinant when multiplied by the symmetric matrix

. 1 1 1
Dy, Dz Dy
1 1 1
R 1 _ _
Dy, Dy; Dy
1 1 1
R _ 1 _
D3 Dy D,
1 1 1
_ —  — 1
Dy D,y Dy

However, taking the sum of the rows in the product does not
have the desired result which occurred with the ternary sys-
tems because the unity terms on the diagonal do not disap-
pear and so a relation analogous to Eq. 6 does not result. In
addition, the above process, which looks so promising, intro-
duces a substantial number of other terms, and, while there
is some redundancy which could be removed, the overall re-
sult is not much simpler and does not reduce to a simple
linear operator as in the ternary system.

Numerical Diffusion Problem

Solutions of the 1-D diffusion problem have been pre-
sented for the Stefan-Maxwell equations, the best known, as
mentioned earlier, being that developed by Krishna and
Standard (1976), which involve the solution of the set of
equations treated as ordinary differential equations in the mol
fractions x; for fixed values of the fluxes. To determine the
fluxes, this set of equations then must be solved by some nu-
merical procedure. This has apparently produced in some
cases instability and some nonconvergence, and has been
studied by Taylor (Taylor and Webb, 1981; Taylor, 1982) who
has, in addition, developed some interesting and useful re-
sults in a series of papers referenced in his book.

The purpose of this section is then to present a numerical
solution method for the standard 1-D multicomponent diffu-
sion problem with specified boundary values at z=0 and z
=/ for all species. The fluxes will be constant and unknown,

i Z2 ZS Z4 Zl
B Biz Bu Bz

Z, zZ, Z, Z,

—_— —_— + JR—— JRN—

A= BZl BZ] B23 B24
B Z3 Z3
B31 632
Z, Z,
By By
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and we assume that there is equimolar diffusion. While the
method is applicable to n species, our illustration will be for
four. The equations to be treated are Eq. 1

dx

—=Bx, 0<z<I,
CdZ X z

x(0)=xy, x(I)=x,.

B is given in Eq. 1. We cast these equations in dimensionless
form using the standard notation; then, we have

dx; Zx;,— Z;X;
— =y L iz,
T

D, N1
Bij=3; ﬁi,‘=/3ji; Z;=5

where D is normally one of the D;;. We write these equa-
tions in the form (where A is defined below)

dx
d—§=Ax, x(0) = x, (20)
the formal solution of which is
x=exp(A4§)x, (1)

In the matrix A there are n unknown values of Z; which are
constant and Y Z; = 0. Our problem is to determine the set

i
{Z} from the equation

x;=exp(4)x,. (22)

In order to solve this equation we will develop a different
representation for A, which follows

Zl Zl

Bis Bia

Z2 ZZ
2 2 a2 e
1 2 4 3
B3l B%Z 334 B34

Z4 Zy  Zy 4

By By By Bsg

which is different from the form used earlier.
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We shall decompose A4 into a sum of matrices which makes
use of the linearity in the {Z/}; so

1 1 1
0 - — - ___
BlZ Bl3 B14
1
0 — 0 0
Bz
A= ) Z,
0 0 — 0
Bis
1
0 0 0 —
Bi4
- )
— 0 0 0
Bia
1 1 1
-0 -— _—_
Blz B23 B24
+ . Z,
0o 0 — 0
Bas
1
0O 0 0 —
Boa
. )
— 0O 0 0
Bis
1
0 — 0 o0
B23 Z
+ 1 1 1 |%
S | D—
Bl3 BZ3 B34
1
0 0o 0 —
Bsa
. )
— 0 0 0
Bia
1
0 . 0 0
+ 24 . Z, (24)
0 0 — 0
Baa
1 1 1
. 9
Bl4 1824 B34

Such a decomposition exists for any n. We write the above as
A=A Z + Ay Z,+ AsZ,+ A, Z,

Each of the 4, is singular (and each has very simple eigenval-
ues). We consider now Eq. 20, 21, and 22 and the general
procedure will involve a sequence of paired steps. Approxi-
mate values for the fluxes Z; will be found by solving a set of
linear simultaneous algebraic equations obtained by keeping
only the first term of the exponential solution. This step will
be followed by solving the differential equation Eq. 21 with
the values of Z; so obtained. If we keep only the first term of

AIChE Journal

the exponential solution of Eq. 22, we obtain a vector v
”=[I+ZZiAi§]x0 (25)
To find the first set of Z;’swe set v=1x; and £ =1 so
X, —xg= Y. ZA;x,
This is a singular set of algebraic equations in the Z;, so we
replace the last equation by Y Z; = 0. Let us call the solution

so obtained {Z?}. We then consider the set of differential
equations

dx
-1 =A0x1;

7 x,(0) = xy (20)

This set of equations is also singular so that we will substitute
Y x, =1 for the last equation, giving the solution
i
x; =exp(A%)x,
which we rewrite as
xo=exp(— Aof)xl
and substitute this into the solution to obtain

x =exp(AE)exp(— A% ) x,

which we treat as before, keeping only the first-order term in
the expansion of the exponential to give

v=[I+Y4,(2-2)¢]x
and at £ =1, we obtain
Xp— X = ZAi(Zi_ZiO)xl (27)
which is a new set of linear simultaneous algebraic equations
for {Z,}, which we treat as before. Call the solution {Z} which

we use in

dx, .
——=A'x,; x,(0)=x,

d¢
which has the solution
x, =exp(A%)x,
and as before
xg=exp(—A%)x,
Thus

x =exp(AE)x,=exp(Aé)exp(— A%E)x,,
voxy= Y A;6(Z— Z})x,
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and, with ¢ =1, v = x,, we solve for a new set of {Z?2}. The
procedure then repeats itself with equations

AL =3 4,7,
dxk+l
dé

X = Xp41= ZAi(ZikH - Zik)xkﬂ

=Akxk+1§ x41(0) = x,

with the hope that
lim x,(1) = x,.
k — o

The scheme described above can best be thought of as a
quasi-Newton scheme for the nonlinear equation

F(Z)=exp(AZ)x,; F:R*->R=*

Returning to Eq. 27, we see that our wish is to solve F(Z,) =
x;. If we apply Newton’s method with an initial estimate Z, =
0, we find that

F'(0)=[4,x, Ayx, Asx, Ayx]

Forgetting for the moment the problem of invertability, we
see that the next approximation to Z, is

Z,= F(0)_1(x, —X)

yielding x, = F(Z,). At the next step in Newton’s method,
one needs to compute F’(Z;). Our method approximates
F'(Z,) by

[Alxn A2xn A3xn A4xn]'

How well this latter approximates F'(Z,) can be shown to
depend on how well

exp(A(Z +Z,)) x,
is approximated by
exp(AZ)exp(AZ,)x,

for small Z. Since matrix exponentials do not commute un-
less the respective matrices commute, we would expect that
how well this approximation works depends on the size of
commutators of AZ, ; and AZ,.

In the implementation of the quasi-Newton method we
have applied the Runge-Kutta-Fehlberg method, described in
Burden and Faires (2001), to solve the set of equations

dxk+l
df =Akxk+l’ 0< f <17
x41(0) = x,
for each k, k=1, 2,3, . ... This method adapts the number

and position of the nodes used in the approximation to en-
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sure that the local truncation error is kept within a specified
bound. It consists of using a Runge-Kutta method with local
truncation error of order five to estimate the local error in a
Runge-Kutta method of order four and then adjusting the
step size to keep the local error within a specified bound; in
our examples the tolerance was 107>, In the examples to fol-
low it took less than 20 iterations to have a convergent result.
The scheme is very robust.

Numerical Examples
Example 1

This is taken directly from Taylor and Krishna (1993, p.
103). Components are hydrogen (1), nitrogen (2), and carbon
dioxide (3).

Diffusion path length / =85.9 mm

Temperature = 35.2°C

Atz=0, x,,=0.00000 Atz=I, x,,=0.50121
X5 = 0.50086 x5, =0.49879
x50 =0.49914 x5, = 0.00000
Pairwise diffusion coefficients
D, =833m%s x107°% B,=1
D;=48.0m%s x107° B,;=0.8163
D,;=16.8 m%/s X107° B,;=0.20168

Total concentration ¢ = 39.513 mol/m?
Z;=126.087 N,

Figure 1 shows the composition profiles, and, as stated by
Taylor and Krishna, the nitrogen flux is substantially higher

08" ............

B R e
o | 2,=-0.45835
______ o | z,= 021428
. A | z,= 0.24407

06 IR T R R N

x.—mol fraction

0 0.2 0.4 0.6 0.8 1
&-dimensionless length

Figure 1. Composition profiles with abnormal fluxes.
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Table 2. Boundary Conditions in Examples 2a, 2b, and 2c.

Fig. X10 X20 X30 X11 X21 X31

2a 0.55 0.05 0.40 0.01 0.45 0.54
2b 0.55 0.05 0.40 0.10 0.72 0.18
2¢ 0.55 0.05 0.40 0.01 0.98 0.01

than one would anticipate from the gross gradient. In fact,
the flux of nitrogen approaches that of the flux of carbon
dioxide. The profiles show some curvature and are strictly
monotonic. Here we had to solve Eq. 26 reversely by starting
at £=1.

Example 2

This is also chosen from Example 4.2.4 of Taylor and
Krishna and illustrates the effect on the solution of changes
in boundary compositions with hydrogen (1), nitrogen (2), and
carbon dichloride difluoride (3). The pairwise diffusion coef-
ficients are

D,=77.0m%*sx10"°% B,,=2.3293
D;;=33.1m%4sx107°% B,;=1.00000
Dy =8.1m%sX107°  B,;=0.24482

The different cases considered are given in Table 2.

While Figure 2a is a normal case in the sense that the fluxes
are in the directions expected, they are somewhat different
than expected. Figure 2b is an abnormal case since it appears
that the flux of component three is the reverse of the direc-
tion. Figure 2c is a really abnormal case since it shows that
component three, in spite of having a large superficial gradi-
ent, has almost no flux and substantial profile curvature.

©z,= 07078
© 2,=-0.3610
| 2,=-0.3468 :

o
)

x. mol fraction

°
IS

0.2

0 0.2 0.4 0.6 0.8 1
&-dimensionless length

Figure 2a. Fluxes that are normal, but with surprising
values.
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08' .............. ............. .............. ..............
- X1Z N N N
B z,= 0.7605 !

2 z,=-0.6509 P
o |7 T X, ! 2 : -
2 3
S ;
s
&
o

I
~

0.2

0 | i i i
0 0.2 0.4 0.6 0.8 1
&-dimensionless length

Figure 2b. Abnormal flux in component three.

Example 3

This is an eight component case in which the relative pair-
wise diffusivities vary by about a factor of seven and there are
28 of them. The boundary values are given in Table 3 and the
numerical results are in Figure 3.

This is a relatively normal case since the fluxes are in the
same direction as their superficial values. It may be said,

0.8

o
=)

xi—mol fractions

o
»

0.2

i i
0 0.2 0.4 0.6 0.8 1
&-dimensionless length

Figure 2c. Very abnormal flux in component three.
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Table 3. Boundary Conditions in the Eight Components in
Example 3 and Figure 3.

é:!xz X1 X2 X3 Xq Xs X6 X7 Xg
&= 030 035 005 0.05 010 015 0.00 0.00
&= 0.05 0.00 000 0.10 000 025 010 050

however, that while the superficial flux of xg is greater in
absolute value than that of x;, the actual flux is less. The
profiles show some curvature, but most appear to be rela-
tively straight lines between boundary values, except that of
xg. The chemical species used in these calculations were H,
M, 0, 2, N, 3, co 4, co, (5, CH, (6), C,H, (7), and
C,H, (8). Many of the pairwise coefficients were calculated
using the Fuller-Schettler-Giddings (Fuller et al., 1966)
scheme or were those listed in the same source.

Example 4

This is a six component case with H, (1), O, (2), N, (3),
CO (4), CO, (5), and CH, (6), so there are 15 pairwise diffu-
sion coefficients with a spread of values of over 11. There are
no real surprises here with the possible exception that the
flux of x5 is negative, as seen in Figure 4. Otherwise, curva-
ture in minimal.

Continuous Distribution of Components

We will now consider a slightly different approach in which
we assume that the number of components is very large and,
in fact, that there is a continuous distribution of components.
In order to do this it is easier and, perhaps, even necessary,
to change the procedure. With a large number of compo-
nents, say 60, in order to proceed as earlier, it could be nec-
essary to introduce 1,770 pairwise diffusion coefficients, all of
which probably must be estimated by the methods of Fuller
et al. (1966). Let us now consider the problem in which there
is a continuous distribution of components, first, in which no
species is present in finite amount, and, second, in which some
species are present in the finite amount, but the remainder
as a continuous distribution.

To start this effort, we write the Stefan-Maxwell equations
in the form

dx

, O0<z<l, i=1,..,N.

M:
B

= J

NI o
= J
#1i J

w0
Za

J
J
(28)

If we suppose that p is a component designating variable and
x(p)dp is the mol fraction of that component in the mixture,
then

[ x(pydp=1

Pi

where p, is the lowest p and p, is the greatest p of the
continuous variable, p, < p < p,. The total fluxes of these
variables will be N(p)dp where

P
[N (p)dp =0
Pi
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05 T T T T T T T
' 0.2137205
0.45} 2 0.0539166
= 0.0088537
04 2 =-0.0290989 X 7
4= 8
035k X, - L. .2g=.0.0108125 ._
2 2 ¢ 2,=-0.0693162
8 0.8k TN 2200323075 [ T . 1
8 X, 2,=-0.1564910
=025F B
g
02k 4
XG
0.15 J
X,
0.1 5. . X
0.05
0 7! 1 1 3 L Il
) 0.1 0.2 0.3 0.4 05 0.6 07 0.8 0.9 1

E-dimensionless length

Figure 3. Eight-component case with tendency toward
straight line profiles.

if we assume equimolarity of diffusion. The pairwise diffu-
sion coefficients will be D(p,q) where D is a function of two
variables p and ¢, p;<q <p,. If c(p)dp is the concentra-
tion of component p, then

[ e(pydp=c

P

and c(p)dp/c =x(p)dp, and ¢ is a constant. The Stefan-
Maxwell equations now become

ﬁx(p) pe X(
—e—o ()[ D(

Dy N(Q)
RIS T

T S P A

| z,= 0.3236099

X v .
-, - 2,=-0.1498464
...... o ; © z;= 0.0311968
08F -t B R O S o
P55 x, : ! 2,=-0.1177638
R | 2,=-0.0424222
® Xg - 2,=-0.0447743
%0.6 oo X1+X2+X3+X4+xs+x5 ........... P Lo -
8 : :
S
£
T
x
04

0.2

0 0.2 0.4 0.6 0.8 1
&-dimensionless length

Figure 4. Component five with a flat profile and a nega-
tive flux.
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If we make the change of variables by normalizing D(p,q) as
before, then

Np) L _bra) 2
D(PI’P/);_Z(p)’ B(p.a) D(pip)’ ¢ l
then Eq. 28 becomes
(p) Py (61) Py (CI)
20 5o P, By
(29)

and, if we assume that we have 1-D steady-state diffusion at
constant pressure, we must specify the mol fraction distribu-
tionat z=0and z=/,orat £=0and £=1. At £ =0 x(p)
=x%p)and at £ =1, x(p)=x'(p).

Having a continuous distribution of components implies
that we must have a scheme for determining the pairwise dif-
fusion coefficients for that infinite distribution. One probably
would only be interested in such a problem when the mixture
has some organized system in its composition. One that comes
to mind immediately, of course, is that of a continuous distri-
bution of hydrocarbons. The building blocks of hydrocarbons,

in general, vary from C to CH to CH, with a few CHj’s

added on. Trying to compute the average CH,, is a problem.
For saturated hydrocarbons CH, is CH, . For unsaturated
hydrocarbons CH,, will be CH,; or CH,,. If we use the
Fuller formula (Taylor and Krishna, 1993, p. 68) for pairwise
diffusion constants we have

1 1
_t —

: C_(r \F)

ij
where M; and M, are the molecular weights and V; and V;

are the partial molecular diffusion volumes. For carbon, the
appropriate partial diffusion volume is 15.9 and, for hydro-
gen, it is 2.31. These values come from Taylor and Krishna
(1993, p. 69). For CH,, the appropriate partial diffusion vol-
ume is 20.53. For the average, we would take 20 and for the
molecular weight 13.8 p and 20 p for the approximate V.

The Fuller formula for a hydrocarbon mixture then will be

(\f f) V138 (20)7°

and, if we choose 7'=500 K, P =500,000 Pa and with ¢ =
1.013x 1072, D will be in meters squared per second (multi-
ply the above by 10~°),

D(p;»p;) =368 x107%(m?/s)

o 77)

AIChE Journal April 2003

Now, with a little manipulation, one can discover a different
form for this relation with which it is easier to compute. While
we will not show a number of possibilities, let us consider one
that seems like the best and easiest. If we write

1 1 1 1
; + E 1 7/6 ql/ﬁ q7/6 1/6
3 3 7/12q7/12 1 1\2
(‘/17 * ‘/‘7) (Tﬁ 5
p q
1
p7/12q7/12

and, if we compute w for values of p and g from p=g=>5
to p=¢g =20 in various increments of p and g separately,
we will find that the average value of w will be 0.3567 with a
standard deviation of 0.0053 and the value of w for p=gq is
V2 /4 =0.3536. If in addition we normalize the D(p,q) by
D(p,,p,) then (with p,=6)

B e (30)
pa p7/12 PUE
In cases where we make calculations for a large number of
chemical species we will use the above formula for the com-
putation with the pairwise normalized diffusivities. The nor-
malization factor used above is specific to the numerical solu-
tions which will follow where we have used D (6,6).

More Examples

We are now in position to compute with the Stefan-Maxwell
equations for the continuous distribution case. We will use a
lumped constant model for all of these.

Example 5

This is a problem in which the continuous distribution is
described at the two endpoints by

— —16)* 6<p<l6,
0; 16 < p <20,
! 12)(30— 12 20
<p<
v (ply={ aaa P T1DCO=p); 12<p=20, 5
0; 6<p<12

where we think of p as a continuous variable. We will use
only integers in [6, 20] for p

xl = x(pi’f)’
P1=6, p,=T,...p

i=123,..15,
—i+45,..p5=20.

The normalization factors above are for fifteen components.
For the diffusivities, we use Eq. 30. The boundary values are
listed in Table 4 and are computed from the definitions in
the problem. The calculations in Figure 5a show what appear
to be almost straight lines. If one calculates the difference
between these solution curves and the corresponding straight
lines, one obtains Figure 5b which shows that this difference
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Table 4. Boundary Conditions for the 15 Components in
Example 5 and Figure 5a.
i 1 2 3 4 5 6 7 8

x(0) 1691 .1712 .1624 .1450 .1218 .0951 .0677 .0419
x,(D 0 0 0 0 0 0 0 .0383

i 6 7 8 9 10 11 12 13
i 9 10 11 12 13 14 15
x(0) 0203 .0055 0 0 0 0 0
x() 0721 .1014 .1261 .1464 1622 .1734 .1802
; 4 15 16 17 18 19 20

for curves with positive slopes are concave negative while
those with negative slopes are concave positive, but not by
much. It is interesting to determine what happens if one uses
random diffusivities between 0.25 and 1.25. The profiles are
not discernibly different from those in Figure 5a and the
comparison of the fluxes given in Figure Sc with the dots rep-
resenting the formula diffusivities and the asterisks the ran-
dom diffusivities case. The random diffusivities range is well
outside the physical range of §;;.

Example 6

This example is the same as Example 5. However, instead
of using 15 components as integers, we will now use 57, but
with the same distribution from p =6 to p =20 so now

pi=6+—. i=12,...57.

We must make it known that the normalizations must now be
different since in Example 5 we had 15 rectangles over which
to sum where now we will have 57. To accommodate this, we
will replace 2,365 in Eq. 31 with 8,866 and 444 by 1,661. Note
that these have the common ratio of 3.75. The profile struc-
ture is given in Figure 6a. In Figure 6b we plot the fluxes vs.

0.2 T T T T T T T T T
2 : Pig
-l:: Ps : ‘ gl
§0.1" .
S P 0
T N ;
P, : : ' ‘\\ i e
" e
p1 N . .
00 Oi‘l 0{2 0f3 0§4 055 Oie 0i7 058 0{9 1

&-dimensionless length

Figure 5a. Fifteen-component case with essentially
straight line profiles.
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) L L L L L
0.1 0.2 0.3 04 05 06 0.7 0.8 0.8 1
&-dimensionless length

Figure 5b. Local difference Ap between computational
profiles and straight line profiles.

the component number. We do this problem primarily to show
in Figure 6c that what appear to be straight lines are begin-
ning to look more and more like straight lines when the
straight line comparison is made; however, comparison of
Figures 5b and 6c shows that the convergence may be slow.
In Figure 6d is the plot of flux vs. straight line slope and it
appears that k is close to 2/5 so

N 2 D ¢ & 2 D l 0
(p)==5Dy == 5eDlx(p.)=x(p.0)];
so that the coefficient of diffusion coefficient for this case is
2/5D where D was the normalizing diffusivity in 3;;. We will
show in the Theoretical section that this is a natural conse-
quence of the continuous distribution case. Figure 6d also
indicates that the convergence to straight line profiles may be

Flux z,

-0.1 I | L L L ; L
[} 2 4 6 8 10 12 14 16
Component Number i

Figure 5c. Fluxes for Example 5: formula diffusivities
(®) and randomly chosen diffusivities (*).

AIChE Journal
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Figure 6a. Case with 57 components and three different
sets of profiles.

slow. Figure 6a is a little confusing since the profiles for 12 <
p <16 do not emanate from the corners and in fact there is a
profile among 26 < i <40 for which it will be almost flat.

Example 7

This example is presented to illustrate the case where con-
tinuous distribution is augmented by three components which
have a finite contribution. With our lumping procedure, this
is no more difficult than the others. This time, for the lump-
ing, the continuous distribution will contain 57 species and,
with the finite three, we have

pi=6+T, i=12,...

Pss=3, Pso=4, pey=35.

7,

In this case rather than using integers we will again be using
jumps of one-quarter unit from p =6 to p =20, hence, ap-
proximating the continuous distribution by a finer set of rect-

0.03 T T T T T
0,025+ : : 4
002f - O O ST . |
0015 -

Q.01 v s

Flux z

0.005 : - . . : -

-0.005 -~
-0.01-- -

S0.01B | . o

-0.02 L —L L
0 10 20 30 40 50 60

Component number i

Figure 6b. Fluxes for 57-component case.
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Figure 6¢c. Local difference between calculated profiles
and linear profiles.
The difference is less, but changing slowly.

angles. We will use the same distribution, but we must mod-
ify its application somewhat. At & = 0, we will write

. —2)(pi—16)>;  6<p, <16,
sy - | 210 6
0; 16 < p; <20,
(pi=12)(30—p;); 12<p; <20,
y(pisl) = .
0; 6 <p, <12
57 57
We set Sum! =Y y(p,,1); Sum’ =Y y(p,,0) and let
i=1 i=1

x(p;,0)=0.8y(p;,0)/Sum®, i=12,...,57,
x(pi,l)= O.Sy(pi,l)/Suml, i=1,2,...,57,

T T T
005 L : . : .
X ook _
g
S
o/
005k ORI Sr o ]
1 l 1
-0.02 0.02

0
z; dimensionless flux
Figure 6d. Dimensionless slope vs. dimensionless flux
showing tendency toward linearity.
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and with

x(psg,0) =0.04;
x(psy,0) =0.06;

x(psg.l)=0.12,
x(psg,l)=0.02,

x(Pep,0) =0.10;  x(pgo,l)=0.06.
Also
8.09
= s < Bs1.
P Dj

The results of the calculations are presented in Figure 7a,
and one immediately notices that the profiles are again
straight lines or approximately so. If one makes the same cal-
culations, but this time using diffusivities taken from a ran-
dom number generator in the interval 0.15 < 8;; <1.25, one
obtains what appear to be the same profiles. The fluxes vary
obviously, depending upon the field of random numbers se-
lected. The dots are the diffusivities chosen from the Fuller
formula, while the pluses and asterisks are the two results
from different domains of random numbers. The comparison
of the three is in Figure 7b.

Calculations were also made in order to determine the ef-
fect of the continuous domain on the solution profiles for the
discrete domain, if any. For a very small continuous domain,
the solution for the discrete domain is similar in shape to
Figure 7a with slightly curved profiles as before. Changing
the diffusion coefficients, such as B;;, 58 <i <j<60, from
these values determined by the above formula to strongly dif-
ferent coefficients (such as, the ones used in Example 2) pro-
duces a strong effect on the solution profiles for the discrete
domain with little or no effect on the solution profiles for the
continuous domain.

Theoretical Justification

We have seen in the numerical solutions for the continu-
ous distribution cases that the concentration profiles are
straight lines or at least very close to straight lines. This seems
like something that should be evident from the equations.
Suppose we write Eq. 29 in the form

_oxp8)

Py
—a o[

“p)= B(p q) )

pgx(q f)
(fp, B(p, q)d )

The lefthand side is not dependent upon ¢, so the derivative
of the righthand side with respect to ¢ must be zero giving

ax

J%x X ax J ox X V4
0=—-—3 pg—dq+ e qu+_ pg—dq pg—dq

ﬁf P B f Pi B 35 Pi B Pi B

ax

9 V4
—xfpg—gdqug—dq

P P B
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Figure 7a. Concentration vs. mol fraction with 57 com-
ponents in the distributed section and three
finite compositions.

which can be written as

ax
9°x /pgxd dx rp, 9€
R —dg — >
Pg;z 9€? ! 23 »n B
Zda= ax
P B _
ax .p, X P 0
—f L—dq—xf g—gdq
d ! P B
0.1 T T T T T T
- +**qe **; Tax +*
T :
[ o | SO ‘ ***** * S R -
*dey :
*ii*i****++ ****+i;
+
.
0y m » Y 0 50 50

Component number i

Figure 7b. Dimensionless flux vs. component number
with formula based diffusivities and vs. two
sets of randomly chosen ones with total of
60 components.
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The left hand side is independent of ¢ so that differentiation
with respect to &, and, after some manipulation, using

Jx
X 0A ,9_
A= "= dq; —=fp”°'—§d
pi B ‘?g P B
we obtain
Ix dA\| 94 9%x 3%  9%x 9A  9x 9*4
A —x— ot A s~ s, s
Z3 9 || 9§ 9¢ 067 9§° 9§ 9& o€
d%x %A d*x  dx 9A
A a (AT o e | T
o€ o€ Pl € 9

which will certainly be equal to zero if x is a linear function
of &. So, we choose as that linear function

x(p,€)=[x(p,1)) = x(p.0)]¢ +x(p.0).
Since now the solution profiles are established, one must

check on the fluxes. Substitution of the linear solution in the
Stefan-Maxwell equations gives

—[x(p.1)—x(p,0)]

)1

x(q,O)]§+x(q,0)d
q
B
~[(x(p.1) - x<p0)>§+x(p0)]f“ 2D 4y

Again, the lefthand side is independent of &, so differentia-
tion gives

re [¥(q,1)— x(q, 0)]
dq

Z(p )f 5

~Lx(p) - (0] (q) -0

Thus

Z(p)=—k[x(p,1)—x(p,0)]

and because the profiles are straight lines, we must have

dx(p,¢) >0

Z(p)=—k dé

Now, since Z and the derivative are both dimensionless, k
must be dimensionless and so, reverting to dimensions again

keD dx dx
N=———=—keD

[T dz’
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where D is the normalizing diffusivity; for this to be valid, k&
must be a constant since otherwise the integral sum of the
fluxes will not be zero.

We see now that the continuous distribution case for the
one-dimension diffusion will be

() @) h Z(0)
T _me B(pa) ! x(p,g)[m B(ra)™

which holds for 0 < £ <1; and x(p,0)= f,(p) and x(p,1)=
fi(p) where f, and f, are prescribed functions of p where
each is always non-negative and

[ f()da =1, and ["*f,(q)dg =1
P P

where f(q)dq stands for the mol fraction of component gq.
We know also that

P
[ "2(g)da=0
P

which follows from the basic assumption of component bal-
ancing. We also know that B(p,q)> 0. The sort of problem
in which we are interested is in which the number of
molecules per unit of volume is always fixed and constant,
and that the reservoirs at £ =0 and ¢ =1 are of fixed com-
position.

Because of the fact that the profiles of concentration are
straight lines, the problem may be considered to fall into two
cases. If f, and f; have no components in common, then all
of the profiles pass through either £ =0 or £ =1 and have
their termini on &£ =1 or ¢ =0, respectively. On the other
hand, if f, and f, have components in common, the corre-
sponding profile will run from the mol fractions on ¢ =0 to
the mol fraction on ¢ =1. The profile will have slope zero if
the corresponding mol fractions are also equal as it should
be.

Conclusions

Some of the following problems have been faced in this
article successfully and others somewhat less so:

(1) The ternary case for the Stefan-Maxwell equations has
resulted in a successful inversion and has produced a simpler
presentation than might have been expected because of Eq.
6.

(2) The quaternary case resulted in the inversion in a
quasi-symmetric form and a simpler presentation was not very
simple.

(3) A numerical scheme was presented which seems to be
very robust for an arbitrary number of components with rea-
sonable convergence speed and was used on all examples
presented.

(4) The case with a continuous distribution of components
was solved, and the character of the solution profiles satisfac-
torily explained. With several components, the solution pro-
files are very nearly straight lines. The lumping scheme will
always give slightly curved solutions.
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